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COHEN-MACAULAY CLASSES WHICH ARE NOT CONIC
CORNEL BAETICA
Abstract. We provide two examples which show that for an affine semigroup
ring the set of Cohen-Macaulay classes can be larger than the set of conic classes.
Introduction
Let S ⊂ Zn be a normal semigroup. It can be described as the set of lattice points
in a finite generated rational cone, i. e. S = {x ∈ Zn : σi(x) ≥ 0, i = 1, . . . , s}
is the set of lattice points satisfying a system of homogeneous inequalities given by
linear forms σi with integral coefficients. For a field K the semigroup ring R = K[S]
is normal. Suppose in addition that the group gp(S) generated by S equals Zn,
and the presentation of S is irredundant. Bruns and Gubeladze [1] have studied
the divisorial ideals of R of the form KT , where T = {z ∈ Zn : σi(z) ≥ σi(β)}, for
some β ∈ Rn. They called these divisorial ideals conic, and it is known that conic
divisorial ideals are Cohen-Macaulay (see Stanley [5] and Dong [4]). The set of conic
classes contains all torsion classes in the divisor class group, and it is strictly larger
whenever Cl(R) is non-torsion. In this note we provide two examples which show
that the set of Cohen-Macaulay classes can be larger than the set of conic classes.
1. The Segre product of three polynomial rings
It is known that all Cohen-Macaulay classes are conic when the ring R is the Segre
product of two polynomial rings over a field, see [1]. We wonder whether the same
property holds when one considers the Segre product of three polynomial rings. We
can prove that in this case the number of Cohen-Macaulay classes is greater than
the number of conic classes.
Consider a field K and the Segre product R = K[XiYjZk : 1 ≤ i ≤ m, 1 ≤ j ≤
n, 1 ≤ k ≤ p] of polynomial rings R1 = K[X1, . . . , Xm], R2 = K[Y1, . . . , Yn] and
R3 = K[Z1, . . . , Zp], m,n, p ≥ 2, with its standard embedding in
P = K[X1, . . . , Xm, Y1, . . . , Yn, Z1, . . . , Zp].
We often denote the Segre product of two rings A and B as A#B. The ring R can be
described as a semigroup ring K[S] with S = {(α, β, γ) ∈ Zm+n+p+ : |α| = |β| = |γ|},
where |α| = α1 + . . .+ αm for α ∈ Z
m. It has the divisor class group isomorphic to
Z
2 and P decomposes as an R-module into a direct sum of rank 1 R-modules Mc,
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c ∈ Z2, such that Mc is isomorphic to a divisorial ideal of class c, see [1, Theorem
2.1]. We can write
M(i,j) =
∑
|α|=|β|+i, |α|=|γ|+j
KXαY βZγ,
and the crucial point is that M(i,j) is also a Segre product of some shifts of the
polynomial rings above, namely M(i,j) = R1#R2(−i)#R3(−j). To decide when the
modules M(i,j) are Cohen-Macaulay we will use a criterion of Stu¨ckrad and Vogel
[6, Theorem] and we will record it here. However some definitions are needed.
Definition 1.1. Let R be a positive graded K-algebra, and M a finitely generated
graded R-module. We define a(M) as being the degree of HM(t), the Hilbert series
of M and r(M) = inf{n ∈ Z : Mn 6= 0}.
Let us remark that a(M) is an extension of the a-invariant for modules.
Theorem 1.2. (Stu¨ckrad and Vogel [6]) Let R1 and R2 be positively graded K-
algebras and M1, M2 Cohen-Macaulay graded R1-resp. R2-modules of Krull dimen-
sion greater or equal than 2. Then M1#M2 is a Cohen-Macaulay module (over
R1#R2) if and only if a(M1) + 1 ≤ r(M2) and a(M2) + 1 ≤ r(M1).
Another result we will use in the sequel is the following
Proposition 1.3. (Bruns and Guerrieri [2]) Let R1 = K[X1, . . . , Xm] and R2 =
K[Y1, . . . , Yn]. Then R1#R2(−i) is Cohen-Macaulay if and only if −(m− 1) ≤ i ≤
n− 1.
We are ready now to prove the following
Proposition 1.4. The ring R has (m2+n2+p2)+(mn+mp+np)−2(m+n+p)+1
Cohen-Macaulay classes, and (mn +mp+ np)− (m+ n + p) + 1 conic classes.
Proof. To decide when the modules M(i,j) are Cohen-Macaulay we have to consider
the following cases
Case 1: i ≥ 0, j ≥ i. If i ≤ n − 1, then R1#R2(−i) is Cohen-Macaulay and
the module M(i,j) is Cohen-Macaulay if and only if a(R1#R2(−i)) + 1 ≤ j and
a(R3(−j)) + 1 ≤ i. As a(R1#R2(−i)) = −max(m,n− i), then we get M(i,j) Cohen-
Macaulay if and only if j − i ≤ p− 1.
If j ≤ p − 1, then R1#R3(−j) is Cohen-Macaulay and the module M(i,j) is
Cohen-Macaulay if and only if a(R1#R3(−j)) + 1 ≤ i and a(R2(−i)) + 1 ≤ j.
As a(R1#R3(−j)) = −max(m, p − j), then we get M(i,j) Cohen-Macaulay if and
only if j ≤ p− 1.
If i ≥ n and j ≥ p, then we consider the following situations: for j− i ≤ p− 1 we
have R2#R3(i − j)) Cohen-Macaulay and M(i,j) is isomorphic to R1#(R2#R3(i −
j))(−i). Applying again the criterion 1.2 we get an impossible inequality, so M(i,j)
can not be Cohen-Macaulay in this case. If j − i ≥ p, then µ(M(i,j)) the minimal
number of generators of M(i,j) is greater than e(R) the multiplicity of R and by
Serre’s numerical Cohen-Macaulay criterion (see [3, Theorem 4.7.11]) we get again
that M(i,j) is not Cohen-Macaulay.
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It is not hard to see that the number of Cohen-Macaulay classes is pn + (p −
n)(p− n+ 1)/2 in this case.
Case 2: i ≥ 0 and 0 ≤ j < i. As before, for i ≤ n − 1 we get M(i,j) Cohen-
Macaulay for all i, for j ≤ p − 1 the module M(i,j) is Cohen-Macaulay if and only
if i− j ≤ n− 1, and for i ≥ n and j ≥ p the module M(i,j) is not Cohen-Macaulay.
We get p(n− 1) Cohen-Macaulay classes in this case.
Case 3: i ≥ 0 and j < 0. The same argument as above leads us to the following:
for −j ≤ m − 1 M(i,j) is Cohen-Macaulay if and only if i ≤ n − 1, M(i,j) is Cohen-
Macaulay for i − j ≤ n − 1, and M(i,j) is not Cohen-Macaulay for −j ≥ m and
i−j ≥ n. The number of Cohen-Macaulay classes is n(m−1)+(n−m)(n−m+1)/2
in this case.
The following three cases are symmetric to the first three.
Case 4: i < 0 and i ≥ j. The moduleM(i,j) is Cohen-Macaulay for any−j ≤ m−1,
for i − j ≤ n − 1 the module M(i,j) is Cohen-Macaulay if and only if −i ≤ m − 1,
and M(i,j) is not Cohen-Macaulay for −j ≥ m and i− j ≥ n. Therefore the number
of Cohen-Macaulay classes is n(m− 1) in this case.
Case 5: i < 0 and i < j ≤ 0. The module M(i,j) is Cohen-Macaulay for any
−i ≤ m − 1, for j − i ≤ p − 1 the module M(i,j) is Cohen-Macaulay if and only if
−j ≤ m − 1, and M(i,j) is not Cohen-Macaulay for −i ≥ m and j − i ≥ p. We get
m(p− 1) Cohen-Macaulay classes in this case.
Case 6: i < 0 and j > 0. The moduleM(i,j) is Cohen-Macaulay for any j−i ≤ p−1,
for −i ≤ m − 1 the module M(i,j) is Cohen-Macaulay if and only if j ≤ p − 1, and
M(i,j) is not Cohen-Macaulay for −i ≥ m and j − i ≥ n. The number of Cohen-
Macaulay classes in this case is (m− 1)(p− 1) + (p−m− 1)(p−m)/2.
Summing up we get (m2 + n2 + p2) + (mn+mp+ np)− 2(m+ n+ p) + 1 Cohen-
Macaulay classes.
On the other hand, it is not hard to count how many conic classes we have. It
relies on a remark made by Bruns and Gubeladze [1] in the proof of their Proposition
3.6. In fact, any conic class corresponds to the class of ℘
(i)
1 ∩ ℘
(j)
2 , where ℘1 is the
divisorial ideal of R generated by the products X1YkZl, 1 ≤ k ≤ n, 1 ≤ l ≤ p, and ℘2
is the divisorial ideal of R generated by the products XkY1Zl, 1 ≤ k ≤ m, 1 ≤ l ≤ p.
To get all conic classes it is enough to consider i = ⌈a− b⌉ and j = ⌈a− c⌉ with
−m < a ≤ 0, −(n − 1) < b ≤ 0, and −(p − 1) < c ≤ 0. An easy counting provides
the number of conic classes: (mn +mp+ np)− (m+ n + p) + 1. 
Finally we get
Corollary 1.5. For the Segre product of three polynomial rings over a field the num-
ber of Cohen-Macaulay classes is strictly greater than the number of conic classes.
2. The Segre product of two Veronese embeddings
Our second example involves the Segre product of two Veronese embeddings.
Let K be a field and let K[X1, . . . , Xm] be a polynomial ring over K. The c-th
Veronese subring of K[X1, . . . , Xm] is the K-subalgebra of K[X1, . . . , Xm] gener-
ated by the set of the monomials of degree c. We denote it by K[X1, . . . , Xm]
(c).
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Let us consider R = R
(c)
1 #R
(d)
2 , where R1 = K[X1, . . . , Xm], R2 = K[Y1, . . . , Yn],
m,n, c, d ≥ 1, (c, d) = 1, with its standard embedding in the polynomial ring
P = K[X1, . . . , Xm, Y1, . . . , Yn]. The ring R can be described as a semigroup ring
K[S] with S = {(α, β) ∈ Zm+n+ : d|α| = c|β|}. Its divisor class group is isomorphic
to Z and P decomposes as an R-module into a direct sum of rank 1 R-modules Mi,
i ∈ Z, such that Mi is isomorphic to a divisorial ideal of class i, see again [1, The-
orem 2.1]. We can write Mi =
∑
d|α|−c|β|=iKX
αY β and the point is that Mi is also
a Segre product of two Veronese embeddings of some shifts of the polynomial rings
above, namely Mi = R1(−vi)
(c)#R2(−ui)
(d), where u, v ≥ 1 such that cu− dv = 1.
Proposition 2.1. The ring R has m + n + c + d − 3 conic classes, and at least
dm+ cn− 1 Cohen-Macaulay classes.
Proof. Every conic class corresponds to the class of p
(i)
1 ∩p
(j)
2 , where p1 is the divisorial
ideal of R generated by the monomials x ∈ S such that σ1(x) ≥ 1 and p2 is the
divisorial ideal of R generated by the monomials x ∈ S such that σ2(x) ≥ 1, where
the σi’s are the support forms of S. To get all conic classes it is enough to consider
i = ⌈ca− b⌉ and j = ⌈da− b′⌉ with −1 < a ≤ 0, −(m− 1) < b ≤ 0, and −(n− 1) <
b′ ≤ 0. Their number is m+ n+ c + d− 3.
The Stu¨ckrad and Vogel’s criterion gives us that Mi is Cohen-Macaulay if and
only if −⌈(m − vi)/c⌉ + 1 ≤ ⌈ui/d⌉ and −⌈(n− ui)/d⌉ + 1 ≤ ⌈vi/c⌉. The first
inequality holds for i ≥ −dm + 1, while the second holds for i ≤ cn − 1. But in
general, it is possible to get values for i, outside of these ranges, that satisfies both
inequalities. 
Corollary 2.2. The ring R has the same number of Cohen-Macaulay, respectively
conic classes if and only if c = d = 1, c = m = 1, or d = n = 1.
Proof. For c = 1 we get exactly dm+n−1 Cohen-Macaulay classes, while for d = 1
their number is m+cn−1. On the other side, when the number of Cohen-Macaulay
classes equals the number of conic classes, then m+ n+ c+ d− 3 should be greater
or equal than dm+ cn− 1. This leads to the following inequality (d− 1)(m− 1) +
(c− 1)(n− 1) ≤ 0. It holds if and only if (d− 1)(m− 1) = 0 and (c− 1)(n− 1) = 0.
However, it is not difficult to see that for m = n = 1 and c > 1, d > 1 the number
of Cohen-Macaulay classes is greater than c+ d− 1. 
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